Absorption of electromagnetic waves by rotational transitions of molecules is formulated for the case in which the wave frequency is displaced from resonance by an amount large compared to the reciprocal duration of a typical binary collision, and also large compared to the differences between frequencies of the strong resonances of the gas. In this far-wing limit, Fano's relaxation operator is reduced to a scalar parameter which depends on the frequency displacement. This relaxation parameter is not symmetric with respect to reflection about resonance, but becomes symmetric when multiplied by the factor exp(wd/2kT) where UJ d is the frequency displacement. The theory applies to dipolar molecules of any shape, in collisions with either dipolar or quadrupolar molecules.
I. INTRODUCTION
The theories of Anderson,1 as amplified by Tsao and Curnutte, 2 and of Murphy and Boggs3 have been very successful for computation of absorption profiles near the centers of pressure-broadened spectral lines and have been used to infer molecular parameters such as quadrupole moments. Anderson's theory was extended to the case of overlapping lines by Kolb and Griem 4 and Baranger. 5 These theories all incorporated the impact approximation, in which the durations of collisions are treated as infinitesimal. The mean collision duration can be approximated by the square root of the cross section for pressure broadening, divided by the mean molecular speed. For many molecules at atmospheric temperatures, this time is of the order of 10-12 s; consequently the impact approximation restricts consideration to frequencies less than a few hundred GHz from resonance.
Several line-shape theories that avoid use of the impact approximation have been put forward in recent years.6-13.23,26 Additional references and discussion can be found in the review papers. 14-17 Despite the amount of work that has been done on this subject, calculation of band contours remains a difficult problem, especially for asymmetric molecules whose rotational bands contain many lines. This situation has sometimes motivated authors to model the behavior of the dipole moment autocorrelation function at short time lags by introducing phenomenological parameters that are difficult to relate to the intermolecular potential which governs the motion of the molecules.
Many of the difficulties encountered in treatments of far-wing absorption by means of the correlation function can be avoided by solving the problem in the frequency domain. The Liouville operator formalism of Fan0 6 is particularly well suited to this approach, since the transformation to the frequency domain is made at an early stage of the calculation. It also allows overlapping lines to be considered. In this paper it will be combined with the quasistatic approximation, in which a statistical distribution of stationary molecules is assumed. The statistical approach has also been applied with success to liquids 23 and solids. 26 This approximation is complementary to the impact approximation, because in a sense it treats collisions as being of infinite duration. It does permit calculation in terms of parameters describing the potential energy of interaction between the molecules.
The regions of applicability of statistical and impact theories have been discussed at length by Margenau and Lewis. 16 We need not repeat that discussion here, especially since we shall make a second assumption which for most molecules is more restrictive: the frequency of observation will differ from resonance by an amount large compared to the differences between the frequencies of strong resonances in the gas. In this limit it is unnecessary to retain the complete set offrequency-dependent coefficients coupling each pair of lines; rather, a band-averaged relaxation parameter which contains the influence ofline coupling will be obtained. Then absorption can be calculated as though it were a sum of uncoupled lines, each having this (frequency-dependent) broadening parameter. This theory will therefore be an asymptotic one, applicable to the very far wings of rotational bands and for pressures (typically up to several atmospheres) at which binary collisions predominate. Although absorption in these parts of molecular spectra is in general measurable only with long path lengths, it is of importance for transmission in the "windows" of planetary atmospheres.
II. GENERAL FORMULATION
The power absorption coefficient at radian frequency UJ in a gas with na absorbing molecules per unit volume is related to the negative imaginary part of the complex susceptibil-
where c is the speed of light, and
3~ 2kT in which
molecule, in the Heisenberg picture. It is assumed that no static fields are present, so the susceptibility does not depend on polarization. 
It is sometimes useful to think of the elements of an ordinary operator matrix arranged as a vector, in which case a Liouville operator can be represented by a matrix. By using the cyclical property of the trace, Eq. (3) can be written as
The Fourier transform is then evaluated, yielding
where the zero time argument of the dipole moment operator has been dropped. Fano's next step disentangles the dynamics of the absorbing molecule (which he calls the "system") from the perturbing molecules (the "thermal bath"). His result is expressed as
The traces in Eqs. (11) and ( 12) They are closely related and in fact are equal to first order in the gas density. If only binary collisions are considered, which will be the case here, and the gas is a mixture of different molecules of speciesj, then
where each of the operators in the summation is proportional to the number density ofspeciesj.
IV. LINE SHAPE WITH A DIAGONAL RELAXATION OPERATOR
In a line-space representation in which La is diagonal, (Mc(W)b is generally not diagonal. However, there are two cases in which Eq. (12) can to an adequate approximation be evaluated as though (Mc(W)b and La were simultaneously diagonal. The first occurs when the frequencies of observation are each close to a strong line which provides the major part of the absorption at that frequency. Then the significant elements of the matrix representing (Mc(W)b are the diagonal ones. 22 The real parts of these elements evaluated at wfi are the line shifts and the imaginary parts are the linewidths multiplied by -1.
The second case occurs when the observing frequency is displaced from all of the strong resonances by an amount large compared to the differences between resonant frequen-cies. Letting W -+ 00 in Eq. (11) shows that (M'(w) -i(M "(wi) . Near resonance the widths and shifts differ from line to line, but this fact is neglected here because we are primarily concerned with the second case discussed above. Then
where the summation is taken over pairs of levels such that Ef > E;;,uji is the reduced (in the sense of the Wigner-Eckart theorem) dipole moment matrix element linking levelsfand i, Qa = Tr exp( -Ha / kT) is the partition function, gf is the degeneracy oflevelf due to nuclear spin, and However, from Eq. (6) we also have 
(20)
where a modified shape factor has been defined as
For computations using a spectroscopic data base it is convenient to introduce the line strength
in terms of which the absorption coefficient, Eq.
(1), can be expressed as
We note that when the argument of the hyperbolic sine function is small, the value of the function equals the argument, whereas if the arguments of both hyperbolic sines in Eq. (24) are large, their ratio reduces to exp [~cu -cuji )l2kT].
V. EVALUATION OF THE RELAXATION PARAMETER FOR COMPLETELY OVERLAPPED LINES
Several equivalent expressions for M(cu} are given by Fano. 6 The one that we shall use is 
A. Intermolecular potential
We consider intermolecular potentials that can be represented by
where r is the intermolecular distance and G is an operator which contains the dependence of Von rotational quantum numbers of both absorber and bath molecules, due to the electrostatic interaction of the molecular moments.32 The value of m will be three for dipole-dipole interaction and four for dipole-quadrupole interaction. The second term in Eq. (26) can be any spherically symmetric function. For example, if a Lennard-Jones 12-6 potential is chosen as a model, (27) where Eo and u are constants. With V,(r) given by Eq. (27),
VIr) corresponds to a Stockmayer potential. 2s
We shall not treat the translational motion quantum mechanically for the reason that at temperatures encountered in planetary atmospheres, the DeBroglie wavelength for most molecules (except perhaps hydrogen) is small compared to the dimensions (i.e., u) of their intermolecular potentials, and the molecules are therefore well localized. In this sense, the theory will be semiclassical. We also assume that the molecules are in their ground vibrational states.
Since V,(r) has no dependence on rotational quantum numbers, it cancels out of L 1 , which can be written as (28) where we introduce a distance-independent Liouville operator (29)
B. Statistical weight operator
We shall take the thermodynamic average of Md(liJ d ) over the bath variables and the intensity-weighted average over the absorber quantum numbers, as in Eq. (14). It is at this point that we introduce the quasistatic approximation. Our approach, which assigns a statistical weight to each value of r, is similar to that of Grant and Strandberg, 26 The thermodynamic average of Md (liJ d) will include a similar integration over volume. Equation (31) can be rewritten as
u=41rTrfmax[e-V(r)lkT _l]e-(Ha+Hb)/kTrdr+ rQaQb' (32)
where r is the volume and Qa and Qb are partition functions for the absorber and perturber molecules. We now consider a bath with many molecules, and replace r by n b -
I
where nb is the number density of bath molecules. Then r max can go to infinity in Eq. (32). We define a parameter nbU Qv=--QaQb
where Pa and Pb are density matrices for the unperturbed absorber and bath molecules. The integral in Eq. (33) (liJ) , that the integration over r is to be done prior to the trace over the quantum numbers of the bath and absorber molecules.
C. Average relaxation parameter
The weighted average of Md (liJd) is
using Eq. (35). The second pair of square brackets in Eq. (36) signify that their contents are the argument of the Liouville operator within the preceding pair of brackets. The trace in Eq. (36) makes the choice of basis immaterial. We may therefore use a basis in which G is diagonal. From Eqs. (28) and (29) it then follows that the representation of LI in line space is diagonal; i.e., with respect to primed vs unprimed indices in Eq. (29). We now use the symbolic identity
where &' denotes the Cauchy principal value and 0 is the Dirac delta function; when the latter has a diagonal matrix for its argument, it represents a diagonal matrix whose elements are delta functions of the diagonal elements of the argument. The negative imaginary part ofEq. (36) may now be expressed as
in which Eq. (28) has been substituted for L} and we define a Liouville operator Rc as the principal root of
The delta function occurring in Eq. (38) can be further simplified as
The integral in Eq. (41) obtains a contribution only when Rc is real and nonnegative, so Eq. (41) is equivalent to
where the unit ramp function u_ 2 (r) is defined by
When the argument of the ramp function is a diagonal operator matrix, the result is a diagonal matrix whose elements are ramp functions of the elements of the argument. The physical meaning ofEq. (42) is elucidated by writing it with bracket notation. If la) and 1,8) are eigenkets of G with eigenvalues G a and G p , then G a -Gp is an eigenvalue of G; therefore
and the cyclical property of the trace has been used. The sum in Eq. (44) is over all of the transitions between eigenstates of G, which represents the rotational dependence of the intermolecular potential. The effect of the ramp function is to pick out those transitions for which (G a -G p) 
This is an even function of {U d since (G a -G p) must agree in sign with {Ud and (G a + Gp) has the same value if indices a and,8 are interchanged.
D. Comparison with other theories
In the special case that G and Ha are simultaneously diagonalizable, the line shape with (M ;;({U -(Ufi) inserted resembles the quasistatic limit of the line shape obtained by Szudy and Baylis,8 except that their line shape does not include the nonnalizing factor Qv and they do not explicitly consider states that are degenerate when unperturbed. Neither the dipole-dipole nor dipole-quadrupole potentials are diagonal in a rotational-state basis, however. Szudy and Baylis point out that in addition to the quasistatic contribution from real roots of R ~ there is also a smaller antistatic contribution from complex roots (Condon points in their terminology). For rotational transitions there is a quasistatic contribution to both line wings, so it appears valid to neglect antistatic contributions as we have done.
If the exp [ -V(Rc) /kT] factor in Eq. (44) This is the wing behavior predicted by the older statistical theories of Kuhn 28 and Margenau. 29 . 30 It will be seen in the next section that the exponential factor plays a significant role, though.
The theory developed here also differs from those referred to above, in dealing with the pressure broadening of an entire band, rather than with individual lines. Accordingly Eqs. (42H46) contain the effects of all of the matrix elements of the intennolecular potential.
VI. DISCUSSION
In the previous sections, the problem of computing absorption in the far wing of a rotational band was reduced to the diagonalization of G, and computation of the sum in Eq. (46). A later publication will describe calculations for collisions of H 2 0 with H 2 0 and N 2 . Without discussing specific molecules, however, it is possible here to obtain a qualitative picture ofthe symmetrized relaxation parameter (M ;;({Ud) as a function of the frequency displacement.
As shown in Fig. 1 , at relatively small values of {Ud where the exponential factor in Eq. (46) is close to unity for most pairs of eigenvalues with G a =l=G p , the relaxation parameter approaches a constant asymptote in the case of dipole-dipole interaction, and varies as l{Ud 11/4 in the case of dipole-quadrupole interaction. The validity of the latter dependence is of course restricted to the quasistatic regime; for (J)d _·0, M:;({J)d) for any given line must approach a constant, as predicted by impact theory.
At greater frequency displacements from resonance, the effects of the exponential factor in Eq. (46) begin to be seen as an enhancement of the broadening, for the following reasons. G is a traceless operator for both the dipole-dipole and dipole-quadrupole interactions, so its eigenvalues are symmetrically distributed about zero. The mean (G a + G p )/2 is also symmetrically distributed, whereas the difference From the preceding discussion, we can say that the intermolecular potential influences the far wings of a rotational band in a very different way than it influences the spectral region near resonance where impact theory is valid. Far-wing absorption can therefore provide another test for models of intermolecular potentials, in addition to the more established ones such as measurements of line widths, transport coefficients, and compressibility.
The present theory is restricted by the assumption of binary collisions, by the quasistatic and far-wing (i.e., completely overlapping lines) approximations, and it is formulated for pure rotational bands. However, it seems reasonable to expect similar effects to appear in vibration-rotation bands, depending on the extent to which the intermolecular potential depends on the vibrational quantum numbers of the absorbing molecule. the exponential is biased positively. If Vs is described by a model such as Eq. (27), this range is Rc > 0". (The negative part of v.. represents the effects of induction and dispersion forces between the two molecules. 31 ) Furthermore, the exponential function gives a greater surplus weight (above unity) to a positive argument than the deficit (below unity) weight given to a negative argument of equal magnitude.
Eventually, at very great frequency displacements, most values of the argument of Vs fall within the range for which Vs is positive (repulsive). Different molecules may be appropriately modeled by different powers of r in the short-range repulsive part of the potential, but in any case the result will A be a rapid decrease of (M:;({J)d)'
Combining Eqs. (17), (22), (24), and (46), while ignoring line shifts yields
